In this paper we present some results on the annular bound for the zeros of a polynomial based on the identities related to the generalized Fibonacci sequence with arbitrary initial condition. Several recently reported results in the same direction are special cases of our results.
Introduction
Several attempts have been made to obtain an explicit annular bound containing all the zeros of a polynomial based on the identities related to the Fibonacci sequence fF n g 1 n=0 (F 0 = 0; F 1 = 1; and F n+1 = F n + F n 1 ; n 1) or generalized Fibonacci sequence fF ; if n is even, bF 
where C(n; k) = n! (n k)!k! , Díaz-Barrero [1] proved the following theorem:
has all its zeros in the annulus C = fz : r 1 jzj r 2 g, where
Later Bidkham and Shashahani [3] derived the identity
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Recently Rather and Mattoo [5] proved the identity
where
, and then extended Theorem A and Theorem B as follows:
THEOREM C. All the zeros of a complex polynomial P (z) = P n k=0 d k z k (d k 6 = 0) lie in the annulus C = fz : r 1 jzj r 2 g, where
In this paper we present further results in the same direction. Two theorems on the annular bound for the zeros of a polynomial are given respectively based on the identities related to the generalized Fibonacci sequences fF with arbitrary initial conditions. The second one includes Theorem C as a special case.
Main Results
Before presenting our main results, we state some preliminary results. LEMMA 1. Let r and s (r 6 = s) be nonzero roots of x 2 ax b = 0. Then the following three statements are equivalent: To prove (ii))(iii), we proceed by induction as in [4] . If (ii) holds, (iii) is true for j = 1 since
If (iii) holds for j = m, then, for j = m + 1
hence (iii) follows. Now suppose (iii) holds. Then
and so
Since B 0 = b 0 , (i) also holds, and the proof is completed. REMARK 1. Although the closed-form expression for B j in (i) satisfying the recurrence relation (ii) can also be computed by using the generating function, Lemma 1 provides another simple way to obtain the formula for B j . 
PROOF. Using the equivalence (i) and (iii) in Lemma 1 for b 0 = 0 and b 1 = 1, we have
LEMMA 3. With the same notation as in Lemma 2, all the zeros of a complex polynomial
are contained in the annulus C = fz : r 1 jzj r 2 g where
Now consider the generalized Fibonacci sequence fF 
On the other hand, letĜ where
Hence, from Lemma 2 and Lemma 3, we obtain the following theorem. (ab + c + d)x + cd = 0. Then, for j 2 and l 0, all the zeros of P (z) lie in the annulus C = fz : r 1 jzj r 2 g or C = fz :r 1 jzj r 2 g where
jd n k j jd n j 9 = ; 1 k
:
Next we consider the case where c = d. To this end we …rst …nd the formulae for G Then, setting j = 4, l = 0, (5) reduces to (3), and so Theorem C is also a special case of Theorem 2.
